Abstract. We construct the Einstein equation for an invariant Riemannian metric on the exceptional full flag manifold M = G2/T . By computing a Gröbner basis for a system of polynomials of multi-variables we prove that this manifold admits exactly two non-Kähler invariant Einstein metrics. Thus G2/T turns out to be the first known example of an exceptional full flag manifold which admits at least one non-Kähler and not normal homogeneous Einstein metric.
Introduction
A Riemannian manifold (M, g) is called Einstein if the metric g has constant Ricci curvature, that is Ric g = λg for some λ ∈ R, where Ric g is the Ricci tensor corresponding to g. The question whether M carries an Einstein metric, and if so, how many, is a fundamental one in Riemannian geometry. A number of interesting results in geometry have been motivated and inspired by this hard problem. The Einstein equation is a non linear second order PDE, and a good understanding of its solutions in the general case seems far from being attained. It becomes more manageable in the homogeneous setting. Most known examples of compact simply connected Einstein manifolds are homogeneous. In the homogeneous case the Einstein equation reduces to a system of algebraic equations for which we are looking for positive solutions. For some cases such solutions can been obtained explicity. In the compact case, invariant Einstein metrics are also characterized as the critical points of the scalar curvature functional on the space of invariant Riemannian metrics of fixed volume. We refer to [NRS] and the references therein for more details in compact homogeneous Einstein manifolds.
Let K be a compact, connected and semisimple Lie group. A full flag manifold is a compact homogeneous spaces of the form K/T where T is a maximal torus in K. It is well known ( [BHi, p. 504] ) that such a space admits |W (K)|/2 invariant complex structures (here W (K) is the Weyl group of K), which are all equivalent under an automorphism of K ( [Nis, p. 57] ). Also, K/T admits a unique (up to isometry) K-invariant Kähler-Einstein metric.
Non-Kähler homogeneous Einstein metrics on full flag manifolds corresponding to classical Lie groups have been studied by several authors (cf. [Arv] , [Sak1] , [DSN] ). Although various existence results of homogeneous Einstein metrics on these spaces have been obtained, the classification of such metrics is a demanding task which remains widely open. In the present paper we study the classification problem of homogeneous Einstein metrics on the full flag manifold G 2 /T . The isotropy representation of G 2 /T decomposes into six inequivalent irreducible submodules, because the root system of the Lie algebra g 2 of G 2 , has six positive roots (see Section 2). There are three (non isomorphic) flag manifolds corresponding to the exceptional Lie group G 2 , since there are exactly three different ways to paint black the simple roots in Dynkin diagram of g 2 , as shown in Figure 1 (for the classification of generalized flag manifolds in terms of painted Dynkin diagrams see [AAr] , [APe] .
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G 2 /T Figure 1 . The painted Dynkin diagrams corresponding to G 2 If we paint black one simple root in the Dynkin diagram of G 2 , then we obtain a flag manifold of the form G 2 /U (2) with two or three isotropy summands, depending on the height of this simple root. Recall that for the root system of g 2 , we can choose a set of simple roots by Π M = {α 1 , α 2 } with (α 1 , α 1 ) = 3(α 2 , α 2 ) and then, the heighest root has the form α = 2α 1 +3α 2 (see Section 5). Thus, the flag manifold G 2 (α 2 ) in Figure 1 has two isotropy summands, and U (2) is represented by the short root of g 2 .
1 In [BöK] this space is denoted by G 2 /U (2) 3 (the subscript is the Dynkin index of the SU (2) factor in the denominator subgroup). For this space, all G 2 -invariant Einstein metrics have been obtained explicity in [Sak2] , [AC1] . The second flag manifold G 2 (α 1 ) in Figure  1 , has three isotropy summands and the isotropy group U (2) is represented by the long root of g 2 . In [BöK] this is denoted by G 2 /U (2) 1 . For for that space, the G 2 -invariant Einstein metrics were initially studied in [Kim] , and later in [Arv] .
The full flag manifold G 2 /T , where T = U (1) × U (1) is a maximal torus in G 2 , is obtained by painting black both simple roots in the Dynkin diagram of G 2 . According to [WZ1] a full flag manifold K/T is a normal homogeneous Einstein manifold if and only if all roots of K have the same length, and in this case the normal metric of K/T is never Kähler. Therefore, if K is an exceptional Lie group then K/T is a normal homogeneous Einstein manifold if and only if K ∈ {E 6 , E 7 , E 8 }, hence G 2 /T is not normal. Our main result is the following: (3, 1, 4, 5, 6, 9) and the other two are not Kähler. The approximate values of these invariant metrics are given in Theorem 3.1.
invariant Einstein metrics (up to isometry). There is a unique Kähler-Einstein metric given (up to scalar) by g =
As a consequence of Theorem A, G 2 /T is the first known example of an exceptional full flag manifold which admits at least one non-Kähler and not normal homogeneous Einstein metric. Note that the isotropy representation of the full flag manifolds corresponding to the other exceptional Lie groups F 4 , E 6 , E 7 , and E 8 decomposes into 24, 36, 63, and 120 isotropy summands respectively (see Section 1, Table 1), so searching for new non Kähler and not normal homogeneous Einstein metrics by using traditional techniques seems to be a difficult task. Finaly, note that the present work on G 2 /T is the first attempt towards the classification of homogeneous Einstein metrics on generalized flag manifolds with six isotropy summands.
The paper is organised as follows: In Section 1 we recall the Lie theoretic description of a full flag manifold K/T of a compact and connected semisimple Lie group K, and we study its isotropy representation. Next, following the article [Sak1] we describe the structure constants of K/T relative to the associated isotropy decomposition, and we give the expression of the Ricci tensor of a K-invariant metric on K/T . In Section 2 we consider the exceptional full flag manifold G 2 /T and we give its Lie theoretic description. Then we construct the Einstein equation for a G 2 -invariant Riemannian metric. In the last section, we give the corresponding polynomial system, and by computing Gröbner basis for this system, we prove Theorem A and obtain the full classification of homogeneous Einstein metrics on G 2 /T .
Full flag manifolds
From now on we consider a full flag manifold K/T where T is a maximal torus of a compact semisimple Lie group K. We will give a characterization of K/T in terms of root system theory, and we will describe some topics of the associated Kähler geometry. Then, we study the isotropy representation of K/T and we give the expression of the Ricci tensor for a K-invariant metric on K/T . 1.1. A Lie theoretic description of K/T . Assume that dim R T = rk G = ℓ. We denote by k, t the Lie algebras of K and T respectively, and by k C = k ⊕ ik, t C = t ⊕ it, the corresponding complexifications. Let t * and t * C be the dual spaces of t and t C , respectively. The subalgebra t C is a Cartan subalgebra of the complex semi-simple Lie algebra k C , and thus we obtain the root space decomposition
where R is the root system of k C relative to t C and k α C = {X ∈ k C : ad(H)X = α(H)X, for all H ∈ t C } is the root space associated to the root α. Recall that by C-linearity, a root α ∈ R is completely determined by its restriction to either t or it. Since the Killing form B of k C is non-degenerate, for any λ ∈ t * C we define H λ ∈ it by the equation B(H λ , H) = λ(H) for all H ∈ t C . Let it * denotes the real linear subspace of t * C which consists of all λ ∈ t * C such that the restriction λ| t has values in iR; the later condition is equivalent to saying that λ| it is real valued. Note that the restriction map λ → λ| it defines an isomorphism from it * onto the real linear dual space (it * ), which allows us to identify these spaces. Then, it is well known that R spans it * and that R is a finite subset of it * \{0}. Thus, if α ∈ R then α ∈ it * . Let ( , ) denote the bilinear form on t * C induced form the Killing form B, that is (λ, µ) = B(H λ , H µ ), for any λ, µ ∈ t * C . Then, since B is negative definite on t and positive definite on it, the restriction of ( , ) on it * is a positive definite inner product. The weight lattice of k C with respect to t C is given by
Let Π = {α 1 , . . . , α ℓ } be a simple root system of R, and let R + be the set of all positive roots with respect to Π. Consider the fundamental weights corresponding to Π, that is Λ 1 , . . . ,
Then {Λ 1 , . . . , Λ ℓ } forms a Z-basis for the weight lattice Λ, and since it ∼ = (it) * ∼ = it * , it is that it = ℓ i=1 RΛ i . In the weight lattice Λ there is a distinguished subset Λ + given by
One can see that Λ + is the intersection of Λ with the fundamental Weyl chamber corresponding to Π, given by
Elements of Λ + are usualy called dominant weights relative to R + , and any dominant weight can be expressed as a linear combination of the fundamental weights with non negative coefficients. For example, set
Since R + is a closed subset of R and [t C , k α C ] ⊆ k α C , it is clear that n and b are closed under the Lie bracket, and thus they are complex Lie subalgebras of k C . One can easily show that n is a nilpotent ideal of k C . Morever, since t C is abelian and normalizes n, we have that [b, b] ⊂ n, and since n is nilpotent and hence solvable, it follows that b is solvable. In fact, b is a maximal solvable Lie subalgebra of k C , i.e. a Borel subalgebra of k C .
Let K C denote the complex simply connected semisimple Lie group whose Lie algebra is k C . Then, the connected subgroup B ⊂ K C with Lie algebra b is a Borel subgroup of K C . Let N be the connected Lie sugroup of K C corresponding to n, and A be the connected subgroup of T corresponding to the abelian Lie subalgebra a = it. Then, according to the Iwasawa decomposition we have that any g ∈ K C can be expressed as g = ank, where a ∈ A, n ∈ N and k ∈ K. In particular, the map A × N × K → K C is a diffeomorphism. At the Lie algebra level, this means that k C = a ⊕ n ⊕ k. One can easily show that a ⊕ n is a solvable subalgebra which is contained in the Borel subalgebra b. Thus we have A × N ⊂ B ⊂ K C and we can rewrite the Iwasawa decomposition as K C = B × K. This implies that K acts transitively on K C /B with isotropy subgroup the connected closed subgroup
Since K C is a complex Lie group and B a closed complex subgroup, the quotient K C /B admits a K-invariant complex structure. Furthermore (cf. [BHi] ), the K-invariant complex structures on K C /B = K/T are in 1-1 correspondence with different choices of positive roots for k C . Since the Weyl group W (R) of the root system of k C acts transitively on the sets of systems of positive roots, all these complex structures are equivalent. Moreover, the following holds: [Tak] ). There is a 1-1 correspondence between K-invariant Kähler metrics on K C /B and dominant weights in Λ + . In particular, the K-invariant Kähler metric on K C /B corresponding to 2δ is a Kähler-Einstein metric.
1.2. The isotropy representation of K/T . We will now examine the isotropy representation of a full flag manifold K C /B = K/T . Cosnider the reductive decomposition k = t ⊕ m of k with respect to the negative of the Killing form Q = −B( , ), that is m = t ⊥ and Ad(T )m ⊂ m. As usual, we identify m = T o (K/T ) (where o = eT is the identity coset of K/T ), via the isomorphism
The numbers N α,β ∈ R are called the structure constants of k C with repsect to t C and they are such that N α,β = 0 if α, β ∈ R, α + β / ∈ R, and N α,β = −N β,α , N α,β = N −α,−β ∈ R if α, β, α + β ∈ R. Then, the real subalgebra k is given by
where
Set m α = RA α + RB α for any α ∈ R + . The linear space m α is an irreducible Ad(T )-module which does not depend on the choise of an ordering in R. Furthermore, since the roots of k C with respect to t C are distinct, and the root spaces are one-dimensional, it is obvious that m α ≇ m β as Ad(T )-representations, for any two roots α, β ∈ R + . Thus, by using (4) we obtain the following: 
The number of these submodules is equal to the cardinality |R + |.
In Table 1 , following [Bou] , we give for any full flag manifold K/T of a compact simple Lie group K the number of the corresponding isotropy summands. 
Note that for ℓ = 1 the full flag SU (ℓ + 1)/T is SU (2)/U (1) ∼ = CP 1 , which is an isotropy irreducible Hermitian symmetric space.
1.3. The Ricci tensor for a K-invariant metric on K/T . Since K/T is a reductive homogeneous space, there is a natural 1-1 correspondence between K-invariant symmetric covariant 2-tensors on K/T and Ad(T )-invariant symmetric bilinear forms on m. For example, in this correspondence a K-invariant Riemannian metric g on K/T corresponds to an Ad(T )-invariant inner product , on m. In particular, since m admits the decomposition (5) and the Ad(T )-modules are mutually inequivalent, the space of K-invariant Riemannian metrics on K/T is given by
Notice that the K-invariant Kähler-Einstein metric on
Similarly, the Ricci tensor Ric g of a K-invariant metric g on K/T , as a K-invariant covariant 2-tensor, will be described by an Ad(T )-invariant symmetric bilinear form on m given by
where r α (α ∈ R + ) are the components of the Ricci tensor on each module m α . Since m α ≇ m β for any α, β, ∈ R + , it is Ric g (m α , m β ) = 0 (cf. [WZ2] ).
The components r α admit a useful description in terms of the structure constants of K/T associated to the isotropy decomposition (5). For convenience, we give the general definition of these quantities for a compact homogeneous space K/L of a compact semi-simple Lie group K, following [WZ2] and [PaS] . Let k = l ⊕ m be a reductive decomposition of k = T e K with respect to a bi-invariant metric Q on k. Assume that the isotropy representation m of K/L decomposes into s pairwise inequivalent irreducible Ad(L)-modules m i as follows m = m 1 ⊕ · · · ⊕ m s . Choose a Q-orthonormal basis {e p } adapted to m = ⊕ s i=1 m i , that is e p ∈ m i for some i, and p < q if i < j (with e p ∈ m i and e q ∈ m j ). Here, Q is a bi-invariant metric on the Lie algebra k = T e K. Let A r pq = Q([e p , e q ], e r ), so that [e p , e q ] m = γ A r pq e r , and set
where the sum is taken over all indices p, q, r with e p ∈ m i , e q ∈ m j , and e r ∈ m k . The triples k ij are called the structure constants of K/L with respect the decomposition m = ⊕ s i=1 m i of m. According to [WZ2] , the structure constants are independent of the Q-orthonormal bases {e p }, {e q } and {e r } chosen for m i , m j and m k , respectively, but obviously they depend on the choise of the decomposition of m. Also, k ij is nonnegative, i.e. 
We now return to K/T and study its structure constants with respect the Q-orthogonal decomposition m = α∈R + m α , where Q = −B( , ), and m α = RA α + RB α . Note that we can rewrite the above splitting of m as m = m 1 ⊕ · · · ⊕ m s , where s = |R + |. Since B(E α , E α ) = −1, one can verify that the vectors A α and B α are such that B(A α , A α ) = B(B α , B α ) = −2 and B(A α , B α ) = 0. Therefore, the set
is a Q-orthonormal basis of m α . If we denote for simplicity such a basis by {e α } = {X α , Y α }, then the notation k ij can be rewritten as γ αβ , where {e α }, {e β } and {e γ } are the Q-orthogonal bases of the modules m α , m β , and m γ , respectively. By using the above notation, it can be shown (cf. [Sak1] ) that the Ricci component r α corresponding to the isotropy summand m α is given by
for any α ∈ R + . Hence, a K-invariant metric (6) on K/T is an Einstein metric with Einstein constant k if and only if it is a positive real solution of the system
Proposition 1.3. For a full flag manifold K/T the triples α + β α β are given by
Proof. By definition (8) 
By using (2) and the relations N α,β = N −α,−β , and N α,−β = N −α,β , we obtain that
or equivalently,
But B(E α , E β ) = 0 if α + β = 0, and thus B(E ±(α−β) , E ±(α+β) ) = 0. So (13) implies that Remark 1.5. Two roots α, β ∈ R have the same length with respect to the Killing form B if and only if there is an element w of the Weyl group W (R) of the root system R such that β = w(α) (see for example [TYu, p. 242] ). Thus, due to the invariance of the Killing form under W (R), it is obvious that for any element w ∈ W (R) it is
2. The full flag manifold G 2 /T
We now study the geometry of the full flag manifold G 2 /T , where T is a maximal torus of G 2 . We start by describing its isotropy representation 2.1. The decomposition of the isotropy representation of G 2 /T . The root system of the exceptional complex simple Lie algebra g 2 can be chosen as by R = {±α 1 , ±α 2 , ±(α 1 + α 2 ), ±(α 1 +2α 2 ), ±(α 1 +3α 2 ), ±(2α 1 +3α 2 )}. We fix a system of simple roots to be Π = {α 1 , α 2 }. With respect to Π the positive roots are given by
The maximal root is α = 2α 1 + 3α 2 (see Figure 2) . The angle between α 1 and α 2 is 5π/6 and we have α 1 = √ 3 α 2 . Note that the roots of G 2 form succesive angles of π/6. Also, the Weyl group of G 2 is generated by rotations of R 2 about the origin through an angle π/6, and reflexions about the vertical axis. where the submodules m i (i = 1 ≤ i ≤ 6), are given as follows:
2.2. Kähler-Einstein metrics. Let K/T be a full flag manifold of a compact connected simple Lie group K. A K-invariant complex structure on K/T is determined completely by an Ad(T )-
for all X, Y ∈ m C . The eigenvalues of J o on m C are ±i and thus we obtain the decomposition m C = m 1,0 ⊕ m 0,1 , where m 1,0 and m 0,1 are the eigenspaces of J o with eigenvalues +i and −i, respectively. One can easily check that the integrability condition (17) for J is equivalent to the condition that t C ⊕ m 1,0 is a complex subalgebra of k C . Now, from the relation J o (Ad(t)X) = Ad(t)J o (X) for any t ∈ T and X ∈ m C , one can show that (cf. [BHi] , [APe] , [BFR] )
Thus there is an one-to-one correspondence between invariant complex structures J on K/T and invariant orderings R + in R. Since invariant orderings are in one-to-one correspondence with Weyl chambers, the above bijection is expressed as follows:
Proposition 2.1. There is an one-to-one correspondence between invariant complex structures on K/T and Weyl chambers in it * .
In Figure 2 , we see that in the root lattice ∆ G 2 = span Z {α : α ∈ R} of G 2 , these are twelve Weyl chambers (six positive and six negative), which in turn induce six different positive orderings R + in R, and six negative ones given by R − = −R + . Thus, relation (18) implies that on G 2 /T , admits twelve G 2 -invariant complex structures J, or six pairs of conjugate complex structures. Notice that if J is a complex structure corresponding to an ordering R + in R, then the conjugate complex structure J of J, is determined by the opposite ordering R − = −R + . Thus we identify J and J. In this way, we conclude that G 2 /T admits six invariant Kähler-Einstein metrics, which are all isometric to each other, since the six complex structures on G 2 /T are equivalent under an automorphism of G 2 . Any such metric is obtained from the other by permuting the parameters which define it.
We now compute the (unique) Kähler-Einstein metric which is compatible with the natural complex structure J nat , that is, the complex structure corresponding to the natural invariant ordering R + given by (15). From (6), a G 2 -invariant Riemannian metric on G 2 /T is given by
where we have set x 1 = x α 1 , x 2 = x α 2 , x 3 = x α 1 +α 2 , x 4 = x α 1 +2α 2 , x 5 = x α 1 +3α 2 and x 6 = x 2α 1 +3α 2 . Note that x i ∈ R + for all i = 1, . . . , 6. Next we will denote such metrics by g = (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) ∈ R + 6 . (3, 1, 4, 5, 6, 9) .
Proof. According to notation of Section 1.1, the weight δ for G 2 /T is given by
where Λ 1 and Λ 2 are the fundamnetal weights corresponding to the the simples roots α 1 and α 2 , respectively. Now, in Figure 2 one can easily distinguish the long roots
from the short roots
It is L i = √ 3 S j where 1 ≤ i, j ≤ 3 and i, j independent. We set (L i , L i ) = 3 and (S i , S i ) = 1, for any 1 ≤ i ≤ 3. According to expression (19), the Kähler-Einstein metric g nat which is compatible to the natural invariant complex structure J nat defined by the ordering R + , is given by
where m k (k = 1, . . . , 6) are given by (16). By using (1) and applying relation (7), we obtain the following values for the components g α = (2δ, α), where α ∈ R + :
Thus the G 2 -invariant Kähler-Einstein metric which corresponds to J nat is given (up to a constant) by g nat = (3, 1, 4, 5, 6, 9).
Homogeneous Einstein metrics.
We now proceed to the calculation of the Ricci tensor Ric g corresponding to the G 2 -invariant metric (19) on G 2 /T . Following the notation of Section 1.3, the tensor Ric g , as a G 2 -invariant symmetric covariant 2-tensor on G 2 /T , is given by
where for simplicity we have set r 1 = r α 1 , r 2 = r α 2 , r 3 = r α 1 +α 2 , r 4 = r α 1 +2α 2 , r 5 = r α 1 +3α 2 and r 6 = r 2α 1 +3α 2 . In order to apply (10), we first need to find the non zero structure constants k ij of G 2 /T . For such a procedure we need to determine all triples of roots (α, β, γ) with zero sum, that is α + β + γ = 0. According to Section 1.3, by using relations (15) and (16), we obtain the following results:
For the calculation of the above triples we will apply Proposition 1.3 and relation (14). Recall that
where p, q are the largest nonnegative integers such that β + kα ∈ R, with −p ≤ k ≤ q.
Since, according to (20) and (21), the positive roots (15) of G 2 are divided into long and short ones respectively, we rewrite (22) as follows:
Due to Remark 1.5 and relation (14), it is obvious that 6 15 = 4 23 . We also obtain the following: Proof. The Weyl group W (R) is generated by the simple reflections {s 1 = s α 1 , s 2 = s α 2 } defined by
are the entries of the Cartan matrix of G 2 . The Cartan matrix of G 2 (with respect to the fixed basis Π) is given by 2 -1 -3 2 . We easily get that
Due to the fact that L 1 = L 2 = L 3 and S 1 = S 2 = S 3 , in order to prove the relation 3 12 = 5 24 it suffices to find an element w ∈ W (R) such that w(L 1 ) = L 2 and w(S 2 ) = S 3 .
By combining (24) and (25) we obtain that s 2 (α 1 ) = α 1 + 3α 2 , s 2 (α 1 + α 2 ) = α 1 + 2α 2 , thus w = s 2 = s α 2 . Similarly, for the simple reflection w ′ = s 1 = s α 1 we compute
which implies the equality 5 24 = 6 34 .
We now proceed to the calculation of 3 12 . From Proposition 1.3 we have that
By using the relation (α 1 , α 1 ) = 3(α 2 , α 2 ) and equation (23) we get that
The normalizing value (α 2 , α 2 ) is given by Q(α 2 , α 2 ) = 1 12 (cf. [Bou] ) (recall that for the definition of the triples α + β αβ we used an orthonormal basis of the submodules m α , m β , m α+β ). Therefore, we obtain the following expression for the Ricci tensor:
Proposition 2.5. The components r i (i = 1, . . . , 6) of the Ricci tensor associated to the Ginvariant Riemannian metric g given in (19) are the following:
x 2 x 4 r 3 = 1 2x 3 + 1 16
x 2 x 5 r 6 = 1 2x 6 + 1 16
Proof. This is a simple consequence of expression (10) and Proposition 2.4.
According to (11), a G 2 -invariant Riemannian metric on the full flag manifold G 2 /T is Einstein, if and only if, there is a positive constant k such that
where r i (i = 1, . . . , 6) are given in Proposition 2.5.
Proof of Theorem A
Note that the action of the Weyl group of G 2 on the root system of G 2 (cf. Figure 2 ) induces an action on the components of the G 2 -invariant metric (19). In particular, if (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) = (a 1 , a 2 , a 3 , a 4 , a 5 , x 6 ) is a solution for the system of equations (26), then (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) = (a 5 , a 2 , a 4 , a 3 , a 1 , a 6 ) 
Now, by solving equation (28) numerically, we obtain exactly two real solutions which are approximately given by x 6 ≈ 0.7440 and x 6 ≈ 1.7896. Substituting these values for x 6 into the equations (29) and (30), we get two real solutions approximately given by x 2 ≈ 0.2173, x 3 ≈ 1.0234 and x 2 ≈ 0.2762, x 3 ≈ 1.0347. Moreover, we obtain the value for k by (26). Thus we have the following.
Theorem 3.1. The full flag manifold G 2 /T admits two non-Kähler G 2 -invariant Einstein metrics. These metrics are given approximately as follows:
Note that, for the case when x 5 = x 1 = 1 and x 6 = 1, we see that x 3 = x 4 by computing a Gröbner basis. Now we consider the case when (x 1 − x 5 )(x 1 − x 6 )(x 5 − x 6 ) = 0. In this case the system of equations (26) is equivalent to the equations r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0, r 5 − r 6 = 0.
(31) Now, by solving equation (33) of the part of degree 84 numerically, we obtain 14 positive solutions which are approximately given by x 6 ≈ 0.1101296649906623, x 6 ≈ 0.1276467609933986, x 6 ≈ 0.1654266507070432, x 6 ≈ 0.2010643285289733, x 6 ≈ 0.3065328288396123, x 6 ≈ 0.5181203151843693, x 6 ≈ 0.5477334830916693, x 6 ≈ 1.82570544045531482, x 6 ≈ 1.93005363946047411, x 6 ≈ 3.26229332037786929, x 6 ≈ 4.97353263662529741, x 6 ≈ 6.04497519429874693, x 6 ≈ 7.83411966130276958, x 6 ≈ 9.08020559296887189.
To get the solutions of the equations (32) for variables x 2 , x 3 , x 4 , x 5 corresponding to the solution x 6 , we substitute these values for x 6 into the expressions of polynomials of x 6 with degree 83. Then we get systems of solutions which are approximately given by x 6 ≈ 4.97353, x 5 ≈ 9.08021, x 4 ≈ −2.51959, x 3 ≈ 14.6516, x 2 ≈ 3.62419, x 6 ≈ 6.04498, x 5 ≈ −0.132336, x 4 ≈ 3.28544, x 3 ≈ 0.0275215, x 2 ≈ 1.86783, x 6 ≈ 7.83412, x 5 ≈ −6.07566, x 4 ≈ −1.5924, x 3 ≈ 13.7889, x 2 ≈ 1.58805, x 6 ≈ 9.08021, x 5 ≈ 4.97353, x 4 ≈ −2.51959, x 3 ≈ 3.62419, x 2 ≈ 14.6516.
Note that at least one of x i for these solutions is negative. Thus we have no invariant Einstein metrics for these cases.
